Abstract: Let R = Z 2 2 f ?1 ] and G = SL 2 (2 f ). The group ring RG is calculated nearly up to Morita equivalence. In particular the irreducible RG-lattices can be described purely combinatorically in terms of subsets of
Introduction
The group G = SL 2 (p f ) of all 2 2-matrices over the eld k with p f elements is one of the simplest examples of a nonabelian nite group of Lie type. Its representation theory in characteristic 0 was already investigated by I. Schur 13] and its modular representation theory is also well understood ( 1] , 2]). The next step is to describe the integral group ring RG of G when R is the ring of integers in a nite extension of the eld Q l of l-adic numbers, to bring together the characteristic 0 and the characteristic l information. If l 6 = p and l 6 = 2 then the defect groups of the ring direct summands of RG are cyclic, so RG is described by the general theory of blocks with cyclic defect groups ( 10] , 12], 7]). For odd primes p the Sylow 2-subgroups of G are dihedral groups and 10], Chapter VII investigates RG for l = 2. So the only remaining case is l = p, where the Sylow p-subgroups of G are elementary abelian of rank f. If f = 1 one again has the cyclic defect case and for f = 2 the group ring Z p G is described up to Morita equivalence in 8]. In the present paper the remaining cases f 3 are treated for p = 2.
To nd kG, one uses methods from the representation theory for groups of Lie type in de ning characteristic. However these methods are not directly applicable for calculating RG, when R = Z 2 2 f ?1 ] is the ring of integers in the unrami ed extension K of degree f of Q 2 . The new idea used in this paper is to start from the explicit presentation of kG given in 6] and lift the generators of kG to generators of RG. The explicit knowledge of kG together with the decomposition numbers calculated in 4] and 5] do not seem to be su cient to determine RG up to Morita equivalence. But they give enough information to describe the inclusion patterns of the irreducible RG-lattices (Theorem 3.15) as well as the endomorphism rings of the projective indecomposable RG-lattices (Theorem 3.12) . In particular it turns out that the endomorphism ring of the projective cover of the trivial RG-module is isomorphic to the group ring of the Sylow 2-subgroup of G. From Theorem 1 3.15 one gets the following explicit description of the projections of RG onto the simple summands of KG. The simple kG-modules M I are naturally indexed with the subsets I of f1; : : : ; fg such that dim k (M I ) = 2 jIj . Theorem. Let V be a simple KG-module of dimension n and let M I 1 ; : : : ; M Ir be the 2-modular constituents of V of dimension n j := 2 jI j j = dim k (M I j ), 1 j r. Then there is a basis of V such that the corresponding matrix representation V satis es V (RG) = f(X ij ) 1 i;j r 2 R n n j X ij 2 2 jI i ?I j j R n i n j g: This is the rst time that such a detailed description of an in nite series of p-adic group rings has been found, where not only the order but also the number of generators of the Sylow p-subgroups grows. It is astonishing that, though the situation gets more and more complicated, the group rings RSL 2 (2 f ) can be described in a uniform way for all f 3. Similar methods can be applied for G = SL 2 (p f ) where p is odd, to get analogous information about the group ring as is given here for p = 2. There are additional technical di culties for odd primes p that make the basic ideas less transparent, so the case p > 2 will be treated in a separate paper.
This paper is intended to make one part of my habilitation thesis 9] available to a wider audience. I thank Dr. Alexander Zimmermann for pointing out to me reference 6]. 2 Generalities.
Throughout the paper let K be a nite extension of Q p , R its ring of integers with maximal ideal R and residue class eld k := R= R. Let A be a nite-dimensional semisimple K-algebra Under certain conditions one can embed the summands e i e j simultaneously into a commutative K-algebra E (isomorphic to the center of A) such that the multiplication e i e j e j e l ! e i e l can be performed in E. This is described in Lemma 2.5 ( 14] , Proposition (1.6.2)) If is a symmetric R-order with respect to and e; f are idempotents in then j(e f) (f e) is a nondegenerate R-bilinear pairing. In particular e e is a symmetric order.
2.3 A language for describing certain basic orders.
Let be an R-order in A. In this section it is assumed that k = R= R is a splitting eld for k R and that the division algebras K t are commutative. Let P 1 ; : : : ; P h represent the isomorphism classes of projective indecomposable right modules.
Then is Morita equivalent to := End (P 1 : : :
Hom (P i ; P j ) and is a basic order in the sense that the simple -modules are one dimensional vector spaces over k.
Since there is an idempotent e 2 such that = e e, Lemma 2.5 shows that is symmetric if is symmetric. Note that the module categories of and are equivalent. In particular the decomposition numbers of and are equal. We assume that for 1 i h the endomorphism rings End (P i ) are commutative which is equivalent to say that the decomposition numbers of are 1.
The main new idea for describing the order is to embed the R-lattices Hom (P i ; P j ) simultaneously for all 1 i; j h into a commutative nitedimensional K-algebra E such that the multiplication Hom (P i ; P j ) Hom (P j ; P l ) ! Hom (P i ; P l ) can be performed in E.
To this purpose let
be the sum over a system of representatives of the isomorphism classes of simple A-modules and
Let 1 j h. Since End (P j ) is commutative, the A-module V has a unique A-submodule isomorphic to K R P j and up to isomorphism a unique -sublattice 5 isomorphic to P j . For all 1 j h choose an embedding ' j : P j , ! V:
Then the -homomorphisms ' 2 Hom (P j ; P i ) for 1 i; j h are considered as elements of E by letting ' jQ j = 0:
De nition 2. The norm has a certain multiplicative property. Remark 2.9 If '; 2 E ? f0g then n(')n( ) divides n(' ) and for i 2 N n(' i ) = n(') i :
One may characterize the unit groups of the local rings ii (cf. De nition 2.6) with help of the norm.
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Lemma 2.10 For 1 i h the unit group ii of the local ring ii is ii = f' 2 ii j n(') = Rg: Proof. Let x 2 ii with n(x) = R. Then n(x j ) = R and hence x j 6 2 ii for all j 2 N. Therefore x does not lie in the unique maximal ideal of ii and is a unit.
The other inclusion is trivial since n(id jP i ) = R.
Since for i 6 = j the modules P i and P j are not isomorphic one gets the following remark from Lemma 2.10.
Remark 2.11 Let 1 i 6 = l h, 0 6 = ' 2 il E, and 0 6 = 2 li E. Then ' = ' 2 ii \ ll with R n(' ):
Assume now that (and hence ) is a symmetric order with respect to the associative bilinear form Tr u , u = P s t=1 u t t 2 E, u t 2 K. Let G be a nite group and R and k be as in Section 2. This section presents a method for obtaining the ring theoretic structure of the integral group ring RG from the group algebra kG. Assume that k is a splitting eld for kG. Then one usually describes the nite-dimensional k-algebra kG by giving a presentation of the Morita equivalent basic algebra := End kG (P 1 : : : P h ), where P 1 ; : : : ; P h are the projective indecomposable kG-modules. is generated by id P i 2 End kG (P i ) (1 i h) and preimages in Hom kG (P j ; P i ) of a k-basis of Hom kG (P j ; J(kG)P i )=Hom kG (P j ; J(kG) 2 P i ) (1 i; j h) (see 3], Proposition 4.1.7) usually encoded as vertices and arrows in the Ext-quiver. This generating set can be lifted to obtain a generating set of := End RG (P 1 : : : P h ), where P i is the projective RG-module with P i = P i = P i (i = 1; : : : ; h) and the lifts of the generators in Hom kG (P i ; P j ) lie in Hom RG (P i ; P j ) (1 i; j h). Now Remark 2.11 gives upper bounds on the norm of the basis elements of End RG (P i ) obtained as product of the generators. The fact that End RG (P i ) is a symmetric order yields lower bounds on these norms. In the particular situation of this section upper and lower bounds coincide.
So let 3 f 2 N, R be the ring of integers in the unrami ed extension K of degree f of Q 2 and k := R=2R = F 2 f the residue class eld. Let G := SL 2 (2 f ) denote the group of 2 2-matrices over k of determinant 1. Then (K; R; k) is a 2-modular splitting system for G. Since the decomposition numbers of RG are 1 (cf. 5], Corollary 2.8), the order s i=1 i RG, where 1 ; : : : ; s are the central primitive idempotents of KG, is a graduated order in KG, the graduated hull of RG. Therefore the methods of the previous section can be applied to describe RG. In particular the graduated hull of RG has a very nice description given in Theorem 3.15.
Since an explicit presentation of kG is used to obtain information on the group ring RG, the description of kG given in 6] is repeated in the rst paragraph.
The group algebra in characteristic 2
Steinberg's tensor product theorem establishes a bijection between the simple kGmodules and the subsets of N := f1; : : : ; fg: let M 1 be the natural kG-module k 2 and let F be the Frobenius automorphism F : k ! k; x 7 ! x 2 of k. Alperin also calculates the Ext-groups between the simple kG-modules. Koshita 6] extends this result to give a presentation of the basic algebra that belongs to kG by describing the homomorphism spaces between the projective indecomposable kG-modules explicitly. where P I is the projective indecomposable RG-module with head M I (I N), be the basic order that is Morita equivalent to the principal block of RG.
As in Section 2.3 let V be the sum of all irreducible KG-modules in the principal block and E := End KG (V ). Let 1 ; : : : ; s be the central primitive idempotents of KG that belong to the principal block of RG. These idempotents are identi ed with the primitive idempotents of E. If I N then c I := f1 t s j t P I 6 = 0g denotes the indices of the irreducibles KG-modules that occur in K R P I . The sets c I are explicitly described in 5]. In particular c ; = f1; : : : ; sg and hence V = K R P ; .
Using the fact that is a symmetric order, one gets: De nition 3.7 (i) For i ?1 6 2 I N let ' I;i 2 Hom RG (P I+fig ; P I ) be a preimage of ( i;I ).
(ii) For i 6 2 I N let 0 I;i 2 End RG (P I ) be de ned similarly as ! I;i using the ' I;i instead of ( i;I ): If i ? 1 2 I, then let j := j(I; i) and J := J(I; i). is a product of f j 2 Hom RG (P I j ; P I j+1 ) and g j 2 Hom RG (P I j+1 ; P I j ) for certain pairwise distinct subsets I 1 ; : : : ; I l+1 of N. In the commutative ring E this product can be evaluated as End RG (P ; ) = R(C f 2 ) is isomorphic to the group ring over R of the Sylow 2-subgroup of G.
Proof. The R-order End RG (P ; ) E is generated by ;;; = id P ; = 1 2 E and We prove this for the example I = f2; 4; 5g and i = 4. Let h 2 Hom RG (' f2;4;5g (P f2;4;5g ); ' f2;5g (P f2;5g )) be a lift of ( 4;f2;5g ). Theorem 3.1 says that there is an x 2 End RG (' f5g (P f5g )) with h = hpr f2;5g = pr f2;4;5g pr f4;5g (1 + 2x) = pr f2;4;5g (1 + 2x): Now 2End RG (' f5g (P f5g )) End RG (' f2;5g (P f2;5g )); so 1 + 2x is a unit in End RG (' f2;5g (P f2;5g )). Therefore pr f2;4;5g 2 Hom RG (' f2;4;5g (P f2;4;5g ); ' f2;5g (P f2;5g )):
The other cases are completely analogous. If f = 6, one additionally needs the action of the Galois group Gal(K=Q 2 ) = C f on the quiver Q. 
